We introduce a detector that selectively probes the phononic excitations of a cold Bose gas. The detector is composed of a single impurity atom confined by a double-well potential, where the two lowest eigenstates of the impurity form an effective probe qubit that is coupled to the phonons via density-density interactions with the bosons. The system is analogous to a two-level atom coupled to photons of the radiation field. We demonstrate that tracking the evolution of the qubit populations allows probing both thermal and coherent excitations in targeted phonon modes. The targeted modes are selected in both energy and momentum by adjusting the impurity's potential. We show how to use the detector to observe coherent density waves and to measure temperatures of the Bose gas down to the nano-Kelvin regime. We analyze how our scheme could be realized experimentally, including the possibility of using an array of multiple impurities to achieve greater precision from a single experimental run.
I. INTRODUCTION
Cold atomic gases play a key role in emerging quantum technologies, from the simulation of fundamental physics [1] [2] [3] and computation [4, 5] , to time-keeping [6] . It is therefore essential that, as well as control, we are able to accurately probe the properties of atomic gases. Minimally invasive measurement schemes are of particular interest, since it is often crucial that this probing disturbs the gas as little as possible.
With this general aim in mind, we here build on a growing body of work, largely theoretical, in which a small quantum system -a probe -is coupled to the system of interest and then measured in order to extract information about that system. This has previously been shown to allow the extraction of information about bandwidth and gaps in the excitation spectrum [7] , non-equilibrium work distributions [8, 9] , temperature [10, 11] , non-Markovianity [12] [13] [14] , effective Hamiltonian parameters [15] , phase transitions [16] , and the Unruh effect [17] , often in a cold atom setting. The recent surges in experimental control of such systems [18] [19] [20] [21] bring their realization within reach.
In our case, we consider a weakly-interacting Bose gas described by its phononic excitations above a condensate. We devise a detector to probe coherent and thermal occupation of a tunable subset of these modes. Detecting coherent excitations of a variety of wavelengths is important, for instance, when Bose gases are used to simulate gravitational models [22] , or for the study of dispersive shock waves [23] [24] [25] . Thermal excitations store information about the temperature of a gas, and thus selective probing of these acts as a thermometer. Obtaining accurate estimates of temperature is * tomi.johnson@physics.ox.ac.uk essential in many uses of cold gases in quantum technologies.
Standard techniques to probe Bose gases are time-of-flight (TOF), and in-situ phase-contrast [26] or absorption [27] imaging [28] . From the velocity distribution measured in TOF one can infer properties of the underlying state of the Bose gas, in particular, information about both static (e.g. temperature) and dynamical properties (e.g. sound propagation) [26] . However, the achievable precision in, say, a temperature measurement decreases as the nano-Kelvin regime is approached: for example, a precision of 10 % was reported in Ref. [29] . Moreover, if the expanding clouds are too dense, TOF imaging is no longer reliable [30] . In-situ imaging, suitable also for dense clouds, is inherently limited in resolution by the wave- Figure 1 . (Color online) (a) The phonon detector consists of a single impurity atom in a double-well potential Va with well width σ and separation 2L, and barrier height ∆V . The impurity is restricted to the two lowest states with symmetric and antisymmetric wave functions φ0 and φ1, separated by the energy splitting 2J. This detector is immersed in a weakly-interacting Bose gas and acts as a probe. (b) In two and three dimensions, the impurity is trapped by a potential that has the same double-well shape in one direction but is harmonic in the remaining orthogonal directions. length of light. Both TOF and in-situ imaging constitute a destructive measurement on the Bose gas.
In contrast, the detector proposed here is potentially nondestructive. We analyze the potential and limitations of the detector, showing that, in principle, accurate measurements of temperatures on the order of nano-Kelvin are achievable, and that coherent density waves can be detected even if their wavelength is smaller than that of light.
The detector, shown in Fig. 1 , comprises an impurity forming a qubit from the two lowest eigenstates of a double-well potential. The density-density interaction of the impurity and bosons translates into a multi-mode quantum Rabi type qubitphonon interaction, capable of inducing Rabi oscillations (coherently occupied modes) and equilibration described by rate equations (thermally occupied modes). In either case the detector's evolution probes phonon modes of energy equal to the qubit energy splitting and wavelengths compatible with the distance between the two wells. The sensitivity to different energies and momenta may thus be tuned by judiciously adjusting the double-well potential. It is this flexibility in selecting energies and momenta over a range relevant to the Bose gas that is responsible for the success of the double-well impurity as a probe, in contrast, for example, to a qubit formed by the internal states of an atom in a single well. This paper is organized as follows. First, in Sec. II we introduce the detector-phonon system and the model describing it. Second, in Sec. III we derive the equations of motion for the detector in the presence of both thermal and coherent excitation of the phonon modes. In Sec. IV we then show how tracking this evolution allows one to measure the temperature of the bath and to detect the coherent occupation of a mode. Finally, in Sec. V we discuss how the detector may be implemented experimentally, focusing on simultaneous measurements using multiple impurities, before concluding in Sec. VI. Details of our analysis are left to the appendices.
II. MODEL
Our detector consists of a single impurity atom of species A confined by a double-well potential V a (cf. Fig. 1 ). We assume that the impurity constitutes a qubit formed by the ground and the first excited states of the potential, |0 and |1 respectively, with corresponding wavefunctions φ 0 (r) = r|0 and φ 1 (r) = r|1 . The tunneling between the two wells results in an energy splitting of 2J between these energy eigenstates. The Hamiltonian of the detector readŝ
where the population inversion is represented by the usual Pauli matrixσ z = |1 1| − |0 0|. We use units with = 1 throughout. The dilute Bose gas is composed of bosons of species B and confined by a shallow potential V b , so that the gas is practically homogeneous on the length scale L of the impurity. The bosons interact weakly with interaction strength g = 4πa b /m b , where m b is the boson mass and a b is the boson-boson s-wave scattering length. At low temperatures the bosons are condensed and it is sufficient to consider the excitations, known as Bogoliubov phonons, on top of the condensate wavefunction ψ 0 (r) = √ n 0 with number density n 0 . In this approximation the Hamiltonian of the Bose gas, up to a constant, is [31] 
where the operatorb † q (b q ) creates (annihilates) a Bogoliubov phonon with momentum q and energy ω q = E q (E q + 2gn 0 ). Here, E q = |q| 2 /2m b is the free-particle energy.
The functioning of the detector is based on collisions with the background gas, in which bosons are scattered by the impurity. At low energies, only s-wave scattering contributes significantly, with the momentum-independent scattering cross-section 4πa 2 ab , where a ab is the s-wave scattering length for boson-impurity collisions [32] . We can therefore make the pseudo-potential approximation [33] , writing an effective impurity-boson interaction potential as
wherer andx denote the coordinates of the boson and impurity, respectively. The coupling constant κ = 2πa ab /m b is chosen so that the Born approximation applied to Eq. (3) predicts the correct scattering cross-section for collisions of low-energy bosons from the impurity. Within the pseudo-potential approximation, the effective interaction between detector and the Bogoliubov phonons is described, up to a constant, by the Hamiltonian
where µ, ν ∈ {0, 1} and the operator elementsB µν = κ q =0 (M q,µνb † q + h.c.) are written in terms of matrix elements M q,µν specifying the detector-phonon coupling. Under the same approximations as used to obtainĤ a andĤ b with the additional assumption of a weak coupling κ we find [31, 34] 
with S q = n 0 E q /Vω q and V the volume of the Bose gas. The pseudo-potential approximation is valid if any excitation to higher vibrational states of the impurity can be neglected, and if the initial wave-vector q of the scattered atom satisfies qr 0 ≫ 1, where r 0 is the effective range of the potential. The range r 0 is expected to be on the order of the scattering length a ab [35] . Note that, due to the presence of the impurity trapping potential, the length a ab may differ from the bare impurity-boson scattering length [36, 37] . 
A. Symmetric double well in the harmonic approximation
The properties of the detector are determined by the qubit wavefunctions φ µ (r), which are in turn determined by the shape of the double-well potential V a (r). From here on we consider tractable types of potential V a (r) and approximate wavefunctions φ µ (r) that enable us to analytically study the dependence of the detector on its potential. Note that the accuracy of the detector itself does not rely on the accuracy of this assumption.
Explicitly, we consider a deep symmetric potential with a local maximum at r = 0 and two minima at r = ±L such that the qubit states are approximately described by symmetric and antisymmetric superpositions of Gaussian wavefunctions
2 ) of width σ = 1/ √ m a ω a centered at the respective double well minima r = ±L. Here m a is the mass of the impurity. In this case the energy splitting 2J between the qubit states obeys [38] 
where ℓ = L/σ. This is shown in Figs. 2(a) and (b) with respect to the detector and Bose gas length and energy scales, respectively. The excitations to higher vibrational levels of the double well potential can be neglected in the regime where J/ω a ≪ 1. Since J/ω a decays exponentially with ℓ this qubit regime can be readily achieved.
For these wavefunctions, the interaction matrix elements become
The difference between the diagonal matrix elements is negligible when ℓ 1 since M q,00 − M q,11 ∼ e −ℓ 2 . We may therefore re-express the interaction Hamiltonian in this regime asĤ ab =B 10 ⊗σ x +B 00 ⊗ ½ .
The full Hamiltonian described by Eqs. (1), (2) and (6) represents a multi-mode quantum Rabi model, which forms the basis for all of the following analysis. The operator elements areB 10 
q + h.c.) of the Bose gas from n 0 , averaged over the left well, andn R is similarly defined. The Hamiltonian in Eq. (6) describes the coherent driving of the qubit by the difference between the boson densities at the two wells.
As we explain in detail in subsequent sections, the detector is sensitive to phonon modes whose energy and wavelength approximately coincide with the corresponding energy and length scales of the detector, namely 2J, L and σ. In App. A we describe a possible experimental realization of our detector. There we demonstrate that a broad range of frequencies and momenta may be accessed by modifying the impurity trapping potential V a within the limits of what is possible using current technology. Importantly, we find that the doublewell impurity detector is sensitive to the normal energy and momentum scales corresponding to a typical Bose gas, but can also probe a much broader spectrum of frequencies ranging from several Hertz up to values on the order of 100 kHz. In Bose gases, the lower limit corresponds to nano-Kelvin temperatures, while the upper limit corresponds to phonon modes with sub-optical wavelengths. Our proposed detector therefore could enable the measurement of very low temperatures (at the low frequency extreme) or short-distance density variations (at the high frequency extreme), which are difficult to resolve by alternative means. In the examples which follow we mainly focus on these extreme cases, since they most aptly illustrate the capabilities and limitations of the detector. We also use that coherence times of the detector of more than 10 ms are readily achieved [39, 40] .
III. EVOLUTION OF THE DETECTOR
In order for the detector to probe the Bose gas it must interact with it for a time τ and then be measured. The operation of the detector is determined by how the reduced density operator of the impurityρ a (t) = tr b {ρ(t)} evolves, with
the equation governing this evolution,ρ(t) the density operator of the total system and tr b { · } the partial trace over the states of the Bose gas. In the following we solve Eq. (7) in different approximations to determine the effect of different states of the Bose gas on the detector.
A. Damping by the thermal phonon bath
To start with, we analyze how the double-well qubit responds to thermal fluctuations of the Bose gas. The appropriate tool for describing the evolution ofρ a is a quantum master equation in Lindblad form, derived under the standard BornMarkov and rotating wave approximations [41] . This equation takes the form
In writing Eq. (8), the small renormalization (Lamb shift) of the detector energy levels due to the coupling with the gas has been neglected. The final term in the equation describes stochastic transitions between populations of the detector, occurring at the rates
where
is the average number of phononic excitations of energy ω. The spectral density is given by
The evolution according to the master equation (8) has the favorable property that populations and coherences ofρ a evolve independently, as
is the average rate, while ρ µν (t) = tr a {ρ a (t)|µ ν|}, with µ, ν ∈ {0, 1}, are the reduced density matrix elements. We see that the coherences ρ 10 of the double-well qubit decay exponentially due to the interaction with the thermal phonon bath. Accordingly, in the long-time limit, the qubit evolves towards equilibrium with the phonon bath, while the coupling strength remains unchanged. That is, the qubit evolves towards a mixed state with asymptotic populations ρ 00 = k − /(k + + k − ) and ρ 11 = k + /(k + + k − ) and vanishing coherences ρ 10 , which corresponds to a thermal state of temperature T .
To give some insight into the characteristics of the equilibriation process, we evaluate the spectral density (10) in the regime of large impurity widths σ ≫ ξ, where ξ = 1/ √ m b gn 0 is the healing length of the Bose gas. In this regime we can replace the Bogoliubov dispersion relation with its low-frequency approximation ω q = c|q|, with c = gn 0 /m b the speed of sound. In addition, we take the usual
dq. In terms of the characteristic frequencies ω L = c/L and ω σ = c/σ, we then obtain
Here, B 0 (x) is a Bessel function of the first kind. The detailed low-frequency shape of the spectral density depends on the frequency ω L , which is set by the well distance, whereas the high-frequency cut-off is determined by ω σ . Figure 3 shows the spectral densities for different dimensions, evaluated in the low-frequency approximation. For the one-dimensional Bose gas, the spectral density exhibits several maxima and vanishes periodically between these. The qubit is thus completely decoupled from the Bose gas for specific values of the energy splitting 2J. The origin of this structure is energy and momentum conservation, which in one dimension depends strictly on the matching between energy ω q and momentum q of the phonons and the energy splitting 2J and size L of the detector. For a two-and three-dimensional Bose gas, the structure of the spectral density is significantly less pronounced. In this case, the momentum q projected onto the direction of the detector L is the relevant conserved quantity and phonons impinging on the detector from different angles can always fulfill energy and momentum conservation. For use outside the sound-like regime, we have evaluated the spectral density using the full Bogoliubov dispersion relation in App. B.
To conclude this section, we briefly discuss the range of validity of the master equation. The Born-Markov approximation is valid so long as the dissipative evolution induced by the bath occurs slowly compared to the thermal correlation time of the bath, i.e. k ± ≪ k B T . The spontaneous emission rate k − must also be much slower than the vacuum correlation time τ v , corresponding to the inverse of the bandwidth of Bogoliubov frequencies that interact appreciably with the impurity. The vacuum correlation time can be estimated as
Finally, the rotating wave approximation is applicable only if the coherent evolution is significantly faster than the dissipative evolution, i.e. J ≫ k ± . In three dimensions, typical values of the relevant parameters are τ v ∼ 150 µs and 1/k B T ∼ 10 ms at T = 1 nK for an impurity size of σ = 100 nm. Hence, for Bose gas lifetimes on the order of 1s all requirements can be readily fulfilled.
B. Driving by coherent phonons
Next, we assume that the detector and the Bose gas, described byρ b (t), are not correlated so thatρ(t) =ρ a (t)⊗ρ b (t) at all times t. In this regime Eq. (7) simplifies to
where we have introduced the mean-field Hamiltonian
The mean-field approximation does not account for quantum fluctuations, but it is very suitable for describing experiments with the phonon modes in coherent states. This situation occurs naturally when a classical potential acts on the Bose gas, e.g., a laser beam [42] or the density of an impurity [43] . More precisely, for a Bose gas prepared in the stateρ b (t) = |β p (t) β p (t)| with a single phonon mode of frequency ω p occupied coherentlyb q |β p = δ pq β p |β p , we obtain the mean-field Hamiltonian
which recovers the Hamiltonian of the classical Rabi model with resonant Rabi frequency Ω p = 2κ|M * p,10 β p | and initial phase θ p = arg(β p M * p,10 ). Making the rotating wave approximation, valid near resonance Ω p , |δ p | ≪ ω p + 2J, with δ p = ω p −2J, we find coherent Rabi oscillations at frequencỹ
1/2 . Specifically, the expected population of the ground state ρ 00 (t), given that the detector started in this state ρ 00 (0) = 1, is found to be
The amplitude of oscillations in the population Ω 2 p /Ω 2 p is near maximum when the detuning is small compared to the resonant Rabi frequency, i.e. δ p /Ω p ≪ 1. On the other hand, the amplitude is near zero in the off-resonant case δ p /Ω p ≫ 1. Conservation of momentum and energy leads to a non-trivial angular dependence of the Rabi frequency
Hence the detector is not only sensitive to the energy of the incoming waves but also their direction. A For the more realistic case that coherent occupation occurs in Bose gas modes with a width γ of frequencies around ω p , rather than a single mode, the impurity dynamics is given by a coherent superposition of Rabi oscillations with frequency spread γ. These oscillations will go out of phase after a time 1/γ and thus will be visible if γ Ω p . Assuming this to be true we hereon discuss only the single mode case.
Note that Eq. (13) is complemented by an equivalent expression with the roles of the detector and the Bose gas interchanged, which leads to higher-order corrections in the detector evolution. However, we assume that the evolution of the initial state of the Bose gasρ
dominates over the back-action of the detector. In App. C we show that this assumption is justified in the regime where Ω p /ω p ≪ |β p | 2 . This places a practical limit on the amplitude of coherent density oscillations that can be measured with our detector. Specifically, we must have Ω p ≪ ω p in order for the rotating wave approximation to hold, therefore the back-action of the detector on the gas can be neglected if |β p | 2
1.

C. Coherent driving in the presence of incoherent damping
Naturally, some thermal excitations will always be present in the Bose gas and they cannot necessarily be ignored, as we have assumed in Sec. III B. The full equation of motion for ρ a , including both coherent driving and dissipative effects, is analogous to the optical Bloch equations describing a laserdriven two-level atom damped by the free radiation field (at finite temperature), but in the context of cold atoms.
Following this analogy we may express the state of the detector in terms of the Bloch vector v whose components are given by v i = tr a {ρ aσi } with i = x, y, z. The resulting Bloch equations in vector form read
where b = (Ω q , 0, δ q ) T acts as an effective magnetic field and c = (v x , v y , 2v z − 2v 0 ) T , with v 0 = (k + − k − )/(k + + k − ) the long-time asymptotic population inversion. In the fully coherent case withk = 0 the solution of the Bloch equations (15) reduces to the Rabi oscillations described by Eq. (14) . The general analytical solution of Eq. (15) is presented in App. D.
It follows from this solution that the double-well qubit in the presence of both coherent near-resonant driving and damping acts very similarly to a classical receiver for electromagnetic waves, i.e. a damped RLC circuit, that is tuned in resonance with a particular frequency. As such, a key quantity in determining whether there will be visible Rabi oscillations is the Q-factor Q = Ω p /2k relating the resonant Rabi frequency to the thermal decay. In the sound-like regime σ ≫ ξ, the Q-factor
is significantly increased when the spectral density J D (2J) is near one of its nodes. As a result, counter-intuitively, we find that coherent oscillations are often clearest when the qubit energy 2J is detuned away from ω p towards smaller J D (2J), even though, as shown in Sec. III B, this reduces the maximum oscillation amplitude Ω 2 p /Ω 2 p . The other effect of damping is that the full width half maximum of the amplitude as a function of frequency gains a contribution ∼k = Ω p /2Q due to lifetime broadening, in addition to the usual 2Ω p . A low Q transition is thus slightly easier to drive away from resonance.
IV. APPLICATION
In Sec. III we saw that a double-well qubit evolves in response to phononic excitations in the Bose gas, both thermal and coherent, of energy close to 2J, which can therefore be tuned to focus on modes of interest. This allows the measurement of the average number of coherently and thermally excited phonons present in these modes.
We focus on two examples of how our detector may be used to probe the Bose gas non-destructively. The first is the accurate measurement of the average occupation of phonon modes of energy 2J, from which the temperature of the Bose gas can be inferred. The second is the detection of coherent density waves in the Bose gas. In both cases we show how the parameters of the detector can be chosen to obtain reliable measurement results.
A. Measuring the Bose gas temperature
We first show how the detector can be used to measure the temperature T 0 of the Bose gas in the nano-Kelvin regime. We present two different methods, (a) an equilibrium method, and (b) a non-equilibrium method, either of which is capable of accessing low temperatures as low as T 0 ≈ 2J/k B , which can be lowered into the nano-Kelvin regime.
a. Equilibrium method. A conventional thermometer relies on the measurement of the population after full equilibration with the environment. To use the double-well qubit as such a thermometer it is first allowed to come to equilibrium with the Bose gas, then the excited-state population
Knowledge of the population ρ 11 and the splitting 2J is therefore sufficient to determine the Bose-gas temperature T 0 . The advantage of this method is that it does not rely on the physics specific to the system whose temperature is being measured. Specifically, the accuracy of the thermometer does not rely on the accuracy of the Bogoliubov description of the Bose gas.
A precise measurement of T 0 using this method requires that n(2J, T 0 ) ≈ 1, or equivalently 2J/k B T 0 ≈ 1, so that the population ρ 11 (T 0 ) is sufficiently sensitive to the value of T 0 . This means that it is possible to measure temperatures T 0 on the order of 2J/k B . More specifically, in App. E we show that the uncertainty in estimating ρ 11 (t) using M measurements of the state of the qubit in the energy basis contributes an uncertainty ∆T 0 when measuring T 0 obeying
(16) The uncertainty ∆T 0 has a global minimum of value Table I . The detector is initialized in its excited state |1 and evolves according to Eq. (11). The fictional measurement points (green) are distributed around the expectation value ρ11(t) according to a Bernoulli distribution obtained from 5000 measurements at each of the 50 points. The corresponding plots show the decay of the population ρ11(t) for temperatures (a) T0 = 0.5 gn0/kB and (b) T1 = 10 gn0/kB, resulting in the markedly different decay times. Fig. 5 ), where M = 5000 measurements are performed to estimate the population ρ11(t) for each t and t = ∞ for the equilibrium method. For all cases we set V = (100 ξ) D , κ = 15 g, ∆V = Dωa and ma = 0.5 m b .
∼ M −1/2 at 2T 0 ≈ J/k B and diverges as T 0 becomes very large or very small, which is consistent with the above estimate 2J/k B T 0 ≈ 1.
b. Non-equilibrium method. The temperature is not only revealed by the equilibrium populations, but also by how the populations decay to equilibrium. Thus another approach is to initialize the double-well qubit in state |1 , observe the decay of the population ρ 11 towards its equilibrium value and extract the temperature-dependent decay ratek(T ), from which the temperature can be deduced. To avoid any sensitivity to the precise values in the impurity-Bose gas or Bose gas Hamiltonian, beyond the assumption of a continuum of weaklyinteracting bosonic modes around energy 2J, we in fact extract the decay ratesk(T ) for two temperatures. The first is a (high) reference temperature T 1 and the second is an unknown temperature T 0 ≪ T 1 , which we determine from the ratiō
given the values of T 1 and 2J. This process of measuring temperature by observing decay rates, rather than equilibrium populations, differs fundamentally from a conventional thermometer. The non-equilibrium approach requires many measurements in order to obtain a sufficiently precise estimate of ρ 11 at multiple times. However, it also has the advantage that all measurements can be carried out within a time much shorter than the equilibration time. Moreover, if the temperature is very small, whence the equilibrium value of ρ 11 becomes small, the equilibrium method is very susceptible to systematic errors in the population measurement, as well as heating due to fluctuations in the double-well potential. Since larger values of ρ 11 are obtained during the non-equilibrium scheme for measurements at small times, this method is less susceptible to such errors.
A precise measurement of T 0 using the non-equilibrium method requires that 2J/k B T 0 1, or n(2J, T 0 ) 1. Specifically, the measurement uncertainty for the value of T 0 using the non-equilibrium method (derived in App. E) scales approximately as
In accordance with the above estimate 2J/k B T 0 1 the quantity in square brackets is on the order of unity for 2J/k B T 0 ≈ 1, but rises quickly for smaller temperatures.
Note that the detector parameters L and σ, while keeping 2J/k B T 0 fixed, can be tuned such that the spectral density J D (2J) and the decay rates k ± result in the desired temporal resolution. In particular, the incoherent evolution of the qubit can be made sufficiently slow for the Born-Markov approximation to be valid, or fast enough to be within the coherence time of the qubit.
To illustrate the measurement process for the nonequilibrium method, we have simulated the shot noise resulting from a finite number of measurements during an ideal experiment to determine T 0 ∼ 1 nK, with a reference temperature T 1 ∼ 100 nK. For the Bose gas and impurity parameters presented in Table I we obtain relative uncertainties ∆T 0 /T 0 1 % after taking M = 5000 measurements at each of the 50 time points. An example for D = 2 is depicted in Fig. 5 . Likewise, under the same ideal conditions and parameters, the uncertainties for the equilibrium method according to Eq. (16) assuming full equilibration and taking M = 5000 measurements are ∆T 0 /T 0 10 %. Hence, using either method, it is, in principle, possible to precisely measure temperatures in the nano-Kelvin regime.
B. Detection of coherent density waves
We next show how to detect the coherent occupation |β p | 2 of a given mode p on top of the thermal fluctuations of the Bose gas. As shown in Sec. III B, a coherent density wave induces coherent oscillations of the detector, damped by coupling to the thermal background. We have already shown that, for these oscillations to be clear, we must have that the Qfactor Q = Ω p /2k is larger than or on the order of unity, and the detuning δ p is on the order or smaller than Ω p . We add here an additional requirement from the practicality of observing oscillations within a reasonable time-scale, namely the resonant Rabi frequency Ω p has to be not much smaller than the natural Bose gas frequency scale gn 0 , which for realistic experimental parameters gn 0 is of the order of 1kHz [44] . This last requirement amounts to pσ 1, and thus limits us to wavelengths 2π/p on the order of tens of nm or larger.
In Fig. 6 we show examples in one and two dimensions for which it is possible to simultaneously meet all of these requirements and observe oscillations of ρ 00 (t). In both cases the detector is driven by a coherently occupied high-energy mode with frequency ω p = 10 gn 0 , which for D = 1 (D = 2) typically corresponds to a wavelength on the order of λ p ∼ 100 nm (λ p ∼ 1 µm).
The examples also illustrate the main limitation of our detector as a detector of coherent density waves. For Q 1 the width of the resonance is of the order Ω p and thus the fraction to which 2J must be tuned close to ω p is of the order Ω p /ω p . For increasingly large ω p /gn 0 this fraction becomes very small, as Ω p remains on the order of gn 0 or less. The situation is worse for higher D. The sensitivity with respect to 2J is illustrated in Figs. 6(c) and (d) for one and two dimensions, respectively. Conversely, the Q-factor is not so sensitive to the value of 2J, as shown in Figs. 6(e) and (f), but remains close to unity. Coherent density waves with frequencies ω p = 10 gn 0 are thus at the upper end of what could be realistically detected, with the sensitivities and Q-factors at lower frequencies being much improved.
Finally, note that if one is interested only in whether or not a given mode is occupied, the mere presence of oscillations yields sufficient information. However, scanning through the resonance should, in principle, yield enough data to determine both the energy of the mode occupied (from resonant frequencies), the axis along which its momentum is directed (by observing the dependence of oscillation amplitude on L), and its occupation |β p | 2 (from the shape of the resonance and the frequencies of the oscillations).
V. PARALLEL MEASUREMENTS
It is of course always necessary to perform multiple measurements in order to obtain estimates of the impurity qubit populations that are sufficiently precise for the desired application of the detector. Realizing the whole measurement procedure (creation of Bose gas and detector, evolution and measurement) a large number of times M results in M independent measurements of the impurity in the energy eigenbasis and thus provides an estimate of the excited state population ρ 11 with binomial uncertainty ∆ρ 11 = ρ 11 (1 − ρ 11 )/M (see App. F 2) [45] . However, it is more economical to perform M simultaneous measurements of the states of M different impurities interacting with the same single realization of the Bose gas and use those results to estimate ρ 11 .
A crucial question is whether in the latter case the state of each impurity is unaffected by and independent from the others, thus ensuring that the precision and accuracy of the combined measurement scales in the same way as for multiple detectors, each interacting with its own separate realization of the Bose gas. Neglecting direct interactions of the detectors by assuming non-overlapping well-functions, we need only investigate the interaction of the detectors via the Bose gas. In the following, we examine this problem separately for the cases of incoherent damping due to thermally occupied Bogoliubov modes, and oscillatory driving due to coherently occupied modes. We will focus on the most promising set-up, namely a linear array of double-well potentials, in combination with a preparation and measurement scheme as described in App. F. In the case of incoherent damping, our Born-Markov approach for a single impurity can be extended to describe the dynamical generation of correlations between the impurities. This is done in App. G. The impurities affect each other in two distinct ways: a direct, coherent interaction mediated by the exchange of phonons, and an indirect, incoherent growth of classical correlations due to their mutual interaction with the background gas. Both of these effects are strongly dependent on the geometry and the number of spatial dimensions. This ultimately stems from the directional dependence of the phonon radiation emanating from each double-well impurity, which is strongest in the direction parallel to L, but vanishes (at large distances) in the directions perpendicular to L. This is entirely analogous to the directionality of the sound emanating from a classical acoustic dipole.
In two or three dimensions, it is possible to place an array of double-well impurities separated by a lattice vector a such that a · L = 0 and |a| ≫ L (see Fig. 7 ). The generation of correlations between the impurities is completely suppressed in such an arrangement. In any other configuration, both the direct and indirect interactions decay slowly with distance between the impurities, asymptotically as r
In contrast, in one dimension, the impurities are constrained to lie along a line parallel to L; furthermore, both the direct and indirect interactions do not decay with distance. Therefore, the correlations between impurities cannot be neglected in one dimension. In configurations where correlations are important, a more detailed analysis would be required in order to interpret experiments using multiple detectors in a single realisation of a one-dimensional Bose gas. This analysis could in principle be carried out using the microscopic equation of motion presented in App. G. Note that the orientation required to minimize correlations, i.e., a ⊥ L may conflict with some readout schemes, such as the band-mapping TOF image described in App. F 2. In this case a L is the optimal configuration [46] . Now we consider the case where multiple detectors interact with a Bogoliubov mode in the coherent state |β p . To the order of approximation considered, the mode in question remains in a product state with the impurity detectors. Therefore, to the same order of approximation, the impurities do not become correlated with each other via their mutual interaction with this mode. Nevertheless, the impurities could still conceivably affect each other via their back-action on the state of the gas.
The effect of each impurity on the Bose gas is to generate additional phonons. If the number of extra phonons is small compared to the mean number of phonons already present, then the back-action of the detectors can be neglected. In App. C we derive the conditions for this to be the case. We find that, in the majority of configurations, the displacements enacted by multiple impurities do not add up constructively. Therefore, the effect of several impurities on a coherent state of the Bose gas is no greater than the effect of one. Taking our specific example of a linear array of M impurities, we find that the back-action of the detectors is negligible unless 2π(n − 1/M ) p · a 2π(n + 1/M ) for some integer n, a situation that is easy to avoid in practice by choosing the lattice vector a appropriately.
It follows then that using an array of many double-wells, where numbers in the thousands are easily achievable, we can obtain accuracies corresponding to a large number of measurements in the time it takes to perform a single measurement, and, in principle, without destroying the state of the Bose gas being measured.
VI. CONCLUSION
Quantum probes in general and localized atomic impurities in particular offer an alternative way of probing many-body quantum systems, with the potential to be non-destructive. Specifically, probing phononic exciations is important, for example, to measure temperature, and in the context of the simulation of gravitational models and shock-wave formation.
Here we have shown how to make use of the versatility of the double-well qubit to probe the phononic excitations of a weakly-interacting cold Bose gas. We have shown that, due to the ability to localize the probe to tens of nanometers or tune its resonant energy down to the nano-Kelvin regime, it provides a flexible alternative to other probing techniques, for example, imaging with light. Our technique has the additional benefit of being potentially non-destructive. In an experiment, a suitably aligned array of M ∼ 1000 double wells allows the user to realize many independent detectors simultaneously.
A major part of our proposal involves monitoring the nonequilibrium dynamics of the impurity in order to infer properties of the Bose gas. This approach relies on, and is thus only as accurate as, the Bogoliubov description of the Bose gas. More generally, deviations of the detector from the expected behaviour may be useful for exploring the limits of the Bogoliubov description.
We have focused on the use of the impurity as a probe that measures the occupation of certain phonon modes. If the occupation of these modes is known by other means, the probe could also measure the density of states of the Bose gas at a specific energy. We also note that this same system may be used to absorb and thereby remove specific excitations from a phonon environment. which is obtained by superposing two pairs of laser beams with wavelengths λ and λ/2, respectively, and beam widths w [40, 48] . The well separation 2L, curvature ω a , and sizes of the barriers inside and between the double wells are determined by the relative intensity 4v of the two lattices. Specifically, as v goes from 0 to 1, the well separation 2L goes from
, and inter-doublewell barrier height from V 0 to V 0 (1 + v)
2 . Choosing v 1 therefore results in an array of separated double-wells, each with L, ω a and ∆V on the order of λ, 2V 0 /m a λ 2 and ω a respectively.
It follows then that using typical experimental parameters V 0 10 3 E r , m a ≈ 10 2 amu and w, λ ≈ µm, with E r = 4π 2 /2m a λ 2 the recoil energy, it is possible to achieve spatial scales as short as σ ≈ 10 nm and energy scales as high as ω a /2π ≈ 100 kHz, respectively [49] . At the opposite end of the spectrum, using a shallow lattice depth V 0 ≈ 1 E r , m a ≈ 10 amu and w, λ ≈ 10µm, one may achieve spatial scales σ ≈ 1 µm and energy scales ω a /2π ≈ 1 kHz. It is also possible to simultaneously realize L ≪ λ, w and thus ∆V /ω a ≈ 1 while exploring a broad range of L/σ for which 2J is smaller than or the same order as ω a .
Fluctuations in the individual and parallel intensity and phase of the lasers creating the two lattices cause the dephasing of the impurity. For example, in Ref. [50] it is reported that frequency fluctuations between the lattice lasers amounting to < 100 kHz result in fluctuations of the bias between the wells |V a (L) − V a (−L)| < 100 Hz. However, the total magnitude of such fluctuations can be kept small such that coherence times of the atoms in the double wells of more than 10 ms have already been achieved [39, 40] .
Appendix B: Spectral densities for general dispersion
We evaluate the general form of the spectral density in D dimensions [cf. Eq. (10)] using the full Bogoliubov dispersion relation ω q = E q (E q + 2gn 0 ), which enters in the decay rates given in Eqs. (9) , in the continuum limit. In this limit V
where Ω D is the surface of the unit sphere in D dimensions, we find
Here q(ω q ) is the inverse of the dispersion relation ω q and the angular integrals read
Explicitly inserting the expressions for the inverse and the Jacobian of the Bogoliubov dispersion,
the spectral densities read
Appendix C: Back-action of impurities in the mean-field approximation
Here we examine the conditions under which we can neglect the back-action of impurities on a Bogoliubov mode in the coherent state |β p . Within the mean-field approximation introduced in Sec. III B, the presence of the impurity causes a displacement of the Bogoliubov coherent state in phase space. The displacement operation is defined bŷ D(α p )|vac = |α p , i.e. a displacement creates the coherent state |α p from the Bogoliubov ground state |vac , which satisfiesb q |vac = 0 for all q. If the magnitude of the displacement parameter α p is much smaller than that of the coherent state amplitude β p , then we can say that the back-action of the impurities is negligible. In other words, we would like to show that the impurities do not create enough additional phonons in the gas to have an appreciable effect on each other's evolution.
If we consider M double-well impurities centered at the positions x i , the corresponding time-dependent displacement a constant, the Hamiltonian of the impurities iŝ
Making the same assumptions described in Sec. II, we find that the interaction of the impurities with the gas is described by the Hamiltonian Under the same approximations as described in Sec. III A, we derive a Lindblad master equation describing the impurity dynamics induced by their interaction with the thermally occupied Bogoliubov modes. This takes the form
where L i describes the independent evolution of impurity i, while C ij describes the dynamics of correlations between impurities i and j due to their mutual interaction with the spatially correlated reservoir. Explicitly, the local terms read
where the local gain and decay rates k ± are defined by Eq. (9). The correlation terms read
s ,ρ} .
The exchange of phonons leads to coherent coupling of strength η (ij) between impurities i and j, while the rate of growth of classical correlations between these impurities is controlled by the quantities Γ The three parameters η (ij) , Γ
− and Γ (ij) + control the rate at which correlations between the impurity detectors are generated throughout the detection procedure. In order to actually evaluate these quantities, one must first carry out qsummation entering the interdependence function (G1). The result of this computation is highly dependent on both the number of spatial dimensions and the geometrical configuration of the detectors. In order to understand this dependence, it suffices to consider the function
which is proportional to the interdependence function (G1) in the continuum limit. The integral extends over the solid angle Ω D subtended on the (D−1)-sphere by the momentum vector q. Performing this integral yields G 1 (q, r) = 2 cos(qr) sin 2 (qL) ,
wherer = r/r. Our expression for one dimension is exact, however we have employed some approximations in two and three dimensions in order to obtain more intelligible equations. In both two and three dimensions we have made the natural assumption that the impurities are placed far apart, so that r ≫ L. In two dimensions we have also made the more stringent assumption that qr ≫ 1 over the frequency range of interest.
By examining Eq. (G2), we see that the growth of correlations is unavoidable in one dimension. This is due to the fact, peculiar to one dimension, that density waves generated by each impurity propagate with constant intensity at arbitrarily large distances from the source. In two and three dimensions, on the other hand, energy conservation dictates that the flux of density waves is attenuated over distance, leading to an asymptotic decay of G D (q, r) ∼ r −(D−1)/2 . Most importantly, the factor sin 2 (qr · L) appearing in Eqs. (G3) and (G4) indicates that no correlations are generated for "perpendicular" configurations, when r ij · L = 0 for all impurity pairs. This is because of the angular dependence of the phonon radiation emanating from each detector, which at large distances vanishes in the directions perpendicular to L. Likewise, each impurity does not respond to density waves impinging from directions perpendicular to L, as demonstrated in Fig. 4 . Therefore, in two and three dimensions, it is possible to create a one-dimensional array of impurity detectors that can probe a single realisation of a Bose-Einstein condensate without affecting each other's measurements.
